Introduction
Several methods for analyzing Hamiltonian systems around resonance are available. One is the planar reduction method [BCKV95, BCKV93] of the previous chapter, but many more are available, see e.g. [Arn93a, GMSD95, SV85, Sch74] and references there. This chapter uses a method introduced in [Dui84, Sch74] . Just as the planar reduction method of Chap. 2, it uses the Birkhoff procedure followed by symmetric reduction. The singularity theory used subsequently is different, however, and uses left-right transformations to normalize a certain map from phase space to R 2 , the energy-momentum map. The remainder of the approach is again similar to that of Chap. 2: From a normal form of the map we compute bifurcation curves, and by explicitly computing the singularity theory transformations these are pulled back to original coordinates and parameters.
The algorithms we use to compute the reparametrizations (and the bifurcation curves) are closely related to those used in the previous chapter. Both Kas and Schlessinger's algorithm and the division algorithm have their counterparts in the present setting. With the planar reduction method of the previous chapter, the tangent space is an ideal, leading to a division algorithm that could be borrowed from Gröbner basis theory with little modification. The energymomentum map method leads to a more complicated tangent space. These complications surface again in the division algorithm. In fact the complications were such that modifying the previous approach in an ad-hoc manner turned out to be infeasible. Instead we used a structured approach that brought, amongst others, Gröbner bases and standard bases for both tangent spaces into a common framework. Within this framework it was possible to derive the required division 3.1. Introduction algorithm systematically. These results are described in Chaps. 6 and 7, and are applied in this chapter.
We now give an overview of the energy-momentum map method. For a general outline of this (and other) reduction methods, see the introduction to Chap. 2; here we shall be brief. After the Birkhoff procedure and truncation (or, modulo a flat perturbation), the system acquires an S 1 symmetry, with associated conserved quantity H 2 . We then construct the energy-momentum map E, mapping phase space to R 2 . Its first component is the Hamiltonian, and the second component is the conserved quantity H 2 . This map encodes information about the dynamics of Birkhoff-normalized system: Its fibers are invariant manifolds of the system, with singular points corresponding to periodic orbits. Both the fibers and singular points of E are smoothly deformed under the group of near-identity left-right transformations (B, A), with group operation (B , A ) * (B, A) = (B • B, A • A ), and action
Since after the Birkhoff procedure the system has a (formal) circle symmetry, the map E has this symmetry too. It is necessary to do the singularity theory inside the space of symmetric mappings, since the orbit of E under left-right transformations has infinite codimension in the general space. Hence, we must also restrict to right-transformations A that commute with the symmetry. Instead of doing this explicitly, we reduce the symmetry by using circle-symmetric coordinates. For a 2 degree-of-freedom system, we thus can reduce from a circleinvariant map on R 4 , to a map on R 3 that respects a certain algebraic relation between the variables.
Just as in the planar reduction method, dynamical conjugacy is lost with arbitrary (circle-equivariant but non-symplectic) right-transformations. However, if the system has 2 degrees of freedom, it lives on a 4-dimensional phase space, and nondegenerate fibers of E are 2-dimensional circle-invariant manifolds. After symmetry reduction we get 1-dimensional dynamically invariant manifolds, i.e., orbits of the reduced system. A universal deformation of E (i.e., a transversal section to its orbit under left-right transformations) can be related to a such a system that is equivalent, i.e., conjugate modulo a time-reparametrization, to the reduced Birkhoff-normalized system, again, just as in the planar reduction method.
In contrast to that method, it is not easy to de-reduce to the full system after normalization, because the fibers H 2 = constant are not preserved by the normalizing transformations (even though, after [Dui84] , the transformations we use preserve E's second component). The present method therefore seems less suited for studying the flat perturbations; see [BCKV95, BCKV93] for more remarks. Our current goal remains to pull back bifurcation curves. Although the larger class of allowed transformations necessitates an extra calculation to obtain the H 2 -level at the bifurcation point, this turns out to be straightforward in this case.
A summary of this chapter was published as [Lun99b] .
